Introduction
Some years ago Fisher (1965) examined the question of the existence of an aggregate capital stock in the context of a model in which technology was embodied in capital and capital was fixed (i.e., firm-specific) but labour was assigned to firms so as to maximize output. This was the beginning of a more general examination into the existence of aggregate production functions.
Not surprisingly, the conditions for such existence turned out to be quite restrictive. For example, the best known 2 theorem in this area states that under constant returns with one kind of capital per firm, a necessary and sufficient condition for the existence of an aggregate capital stock is that all technical differences be capital augmenting, with one unit of a different kind of capital being equivalent to a fixed number of units of a given type. Similar results hold for more general models. Now, when each firm employs more than one type of capital, there are two related, but certainly not identical questions which arise. The first of these is that of the existence of a full capital aggregate; the second is that of the existence of an aggregate including some but not all of the capital types. To fix ideas, one may think of these as the question of the existence of a meaningful aggregate called "capital" on the one hand and of the existence of "equipment" or "plant" aggregates or both on the other.
It is not the case that the conditions for one kind of aggregation are stronger than those for the other.
Thus , to consider two particular examples , let the vth firm produce output y (v) according to the three-factor production function (1.1)
where K (v) and K (v) denote the amounts of two different types of capital (plant and equipment) which the vth firm has, and L (v) denotes the amount of labour assigned to the firm. Labour-assumed homogeneous -is allocated 4 to firms to maximize the sum of outputs -also assumed homogeneous -but the v superscript on the production function indicates the fact that technology is embodied in the capital stocks so that K. (v) A full capital aggregate will exist, however, so long as every other firm has a production function in the form:
On the other hand, suppose instead that all firms (including the hth) have production functions of the form: 
For all v = 1, . ., n, all i =1, ..., p, and all j = p + 1, . . . ,m,
(where the subscripts denote differentiation in the obvious way)
.
There exists a function g(-), independent of v and of i, such that, for all v=l, ...,n, i=l, ...,p, f K.L (2) (3) (4) (5) 
Immediate from [1, and (c 1 ) below.
(b') For all v = 1, ..., n and all j = p + 1, ...,m,
There exists a function g('), independent of v, such that, for such that (2.5') holds, then (2.5) holds with that same g(«) for all i = 1, ..., p.
Further, if there exists a g(') such that (2.5) holds for any i = 1, ...,p, then (2.5') holds with that same g(*) and hence (2.5) also holds with that same g(') for all i = 1, . . . , p.
Proof : Direct computation.
In view of the discussion following Lemma 2.2, this results applies even if the K. in (2.5) are themselves subaggregates.
3 .
Complementary Subaggregates in the General Case
We can now state immediately: 
Proof:
and this holds for all i = 1, ..., q-1. However, the right-hand side of (3.5) However, the log transformation in (3.12) and the constants can be absorbed into the definition of J by suitable redefinition of Ft*,...,') so this is equivalent to the statement of the lemma, completing the proof.
Remark 3.1 : Lemma 3.1 itself shows that the constant, C, involved in the proof can always be taken as zero by writing J as in (3.3) Further, the existence of an aggregate consisting of capital of type q implies that (3.2) also holds. This makes Lemma 3.1 applicable whence an aggregate consisting of the first p capital types exists for each firm taken separately. The desired result now follows from Corollary 3.1.
We can also state a partial converse. 
where F(«, .) is homogeneous of degree one and is independent of v. (b) Further, in this case, an aggregate consisting of the first p capital types also exists. 
where y* is maximized output and L is total labour.
(a)l.
Necessity. From Lemma 2.1 the existence of a full aggregate implies that for every v=l, ..., n, Sufficiency. This can be proved in (at least) two ways. One such way is by construction as in the proof of (c) , below. The other way is as follows.
From (4.2) and the fact that F(», *) is homogeneous of degree one [1, Theorem 4.2, p. 272] implies that a full aggregate exists. Further, two respectively (4.2) itself shows the existence at the firm level of/aggregates consisting of capital types (p+1, ..., q) and the first p capital types, so that (a) of Lemma 2.1 is satisfied for such partial aggregates. Lemma 2.3 then shows that (c) of Lemma 2.1 is also so satisfied. Since F(*,«) is constant returns , F and F are homogeneous of degree zero (where J (v) is the first J J-1 argument of F (•,-)) -As in Remark 3.1, Euler ' s Theorem applied to F and J and Fy shows that the right-hand side of (3.5) above is zero and, since respectively, the left-hand side is also zero when K and K. are replaced by S and R , q l (3.5) and thus (3.4) and (3.2) hold so that (b) of Lemmas 2.1 and 2.2 are also satisfied. Lemma 2.1 now shows the existence of the partial aggregates.
(b)
The proof of sufficiency just given proves the simultaneous existence of both partial aggregates. This would also follow from Theorem 3.2 or Fee Fisher (1968a) and (1968b) . The results are not the same, however. T n the case of labour aggregation, there is a natural partial aggregate consisting of any single labour so the existence of such a partial aggregate is not restrictive, as it is in the capital case (see especially Lemma 3.1 below) . On the other hand, for the result in question on complementary subaggregates to apply, it is necessary to assume the existence of the complementary subaggregate at the firm level which is not additionally necessary for capital.
For discussion of these matters see Fisher (1965) , (1968a) , (1968b) , and (1969) .
Throughout this paper I use unmodified the phrase "existence of an aggregate" to mean the existence of an aggregate for the system as a whole rather than the existence of an aggregate within particular firms course, the two are closely related; indeed, existence within each firm's production function is necessary but not sufficient for existence for the system as a whole.
10.
Note that the result is not symmetric as regards the assumptions made on full and partial aggregates. The existence of a full aggregate for the system as a whole plus the existence of a partial aggregate for each firm separately does not suffice for the existence of any partial aggregate for the system as a whole. Otherwise a full aggregate for the whole system would immediately imply an aggregate for the whole system of each separate capital type and this is false.
(Equations (1.2) and (1.3) above provide a counter example.) This is because of the crucial role of (b) of Lemma 2.1 which is vacuous for a full aggregate.
11.
These are not the only such cases, however. (See Fisher (1965) , p. 273.) A full aggregate exists if all production functions are in the form (3.16) The full set of non-constant-returns-related cases permitting capital aggregation is not known. It is plain, however, that such cases are very special in that, for most non-constant-returns-related cases, capital aggregates will not exist for the system as a whole even if they exist for each firm separately and all firms are exactly alike.
12.
A more general class of technologies would be ones which are homogeneous of degree one in labour and monotonic functions of the first q capital types but not necessarily in monotonic functions of the remaining capital types. The necessity results of this section concerning the nature of the aggregate apply to such cases with the existence of a full aggregate replaced by the existence of an aggregate consisting of the first q capital types and partial aggregates being understood to involve capital types lower-numbered than q. Explicit discussion of this case does not seem useful because closed-form necessary and sufficient conditu' ons for the existence of such aggregates are not known for q < m.
13.
Generalization to more than two partial aggregates is left to the reader.
14.
See also Fisher (1965) , p. 267, n.l.
15.
Cf. Fisher (1968a), p. 398. 
